Basics of the instanton counting and its relation to W-algebras are reviewed, with an emphasis toward physics ideas. We discuss the case of U(N ) gauge group on R 4 to some detail, and indicate how it can be generalized to other gauge groups and to other spaces. This is part of a combined review on the recent developments on exact results on N =2 supersymmetric gauge theories, edited by J. Teschner.
Introduction

Instanton partition function
After the indirect determination of the low-energy prepotential of N = 2 supersymmetric SU(2) gauge theory in [1, 2] , countless efforts were spent in obtaining the same prepotential in a much more direct manner, by performing the path integral over instanton contributions. After the first success in the 1-instanton sector [3, 4] , people started developing techniques to perform multi-instanton computations. Years of study culminated in the publication of the review [5] carefully describing both the explicit coordinates of and the integrand on the multi-instanton moduli space.
A parallel development was ongoing around the same time, which utilizes a powerful mathematical technique, called equivariant localization, in the instanton calculation. In [6] , the authors studied equivariant integrals over various hyperkähler manifolds, including the instanton moduli spaces. From the start, their approach utilized the equivariant localization, but it was not quite clear at that time exactly which physical quantity they computed. Later in [7] [8] [9] , the relation between the localization computation and the low-energy SeibergWitten theory was explored. Finally, there appeared the seminal paper by Nekrasov [10] , where it was pointed out that the equivariant integral in [6] , applied to the instanton moduli spaces, is exactly the integral in [5] which can be used to obtain the low-energy prepotential.
In [10] , a physical framework was also presented, where the appearance of the equivariant integral can be naturally understood. Namely, one can deform the theory on R 4 by two parameters 1,2 , such that a finite partition function Z( 1,2 ; a i ) is well-defined, where a i are the special coordinates on the Coulomb branch of the theory. Then, one has log Z( 1,2 ; a i ) → 1 1 2 F (a i ) + less singular terms (1.1) in the 1,2 → 0 limit. The function Z( 1,2 ) is called under various names, such as Nekrasov's partition function, the deformed partition function, or the instanton partition function. As the partition function is expressed as a discrete, infinite sum over instanton configurations, the method is dubbed instanton counting. In [11] [12] [13] [14] , it was also noticed that the integral presented in [5] is the integral of an equivariant Euler class, but the crucial idea of using 1,2 is due to [10] . For SU(N ) gauge theory with fundamental hypermultiplets, the function Z can be explicitly written down [10, 13, 15, 16] . The equality of the prepotential as defined by (1.1) and the prepotential as determined by the Seiberg-Witten curve is a rigorous mathematical statement which was soon proven by three groups by three distinct methods [17] [18] [19] [20] . The calculational methods were soon generalized to quiver gauge theories, other matter contents, and other classical gauge groups [21] [22] [23] [24] [25] [26] [27] . It was also extended to calculations on the orbifolds of R 4 in [28] . We now also know a uniform derivation of the Seiberg-Witten curves from the instanton counting for SU quiver gauge theories with arbitrary shape thanks to [29, 30] . Previous summaries and lecture notes on this topic can be found e.g. in [31, 32] .
An N = 2 gauge theory can often be engineered by considering type IIA string on an open Calabi-Yau. It turned out [33] [34] [35] [36] that the topological A-model partition function as calculated by the topological vertex [37, 38] is then equal to Nekrasov's partition function of the five-dimensional version of the theory, when 1 = − 2 is identified with the string coupling constant in the A-model. This suggested the existence of a refined, i.e. two-parameter version of the topological string, and a refined formula for the topological vertex was formulated in [39] [40] [41] [42] [43] , so that the refined topological A-model partition function equals Nekrasov's partition function at 1 + 2 = 0. The relation between instanton partition functions and refined topological vertex was further studied in e.g. [44, 45] . The same quantity can be computed in the mirror B-model side using the holomorphic anomaly equation [46] [47] [48] [49] , which also provided an independent insight to the system. We will derive the instanton partition function of four-dimensional gauge theories by considering a five-dimensional system and then taking the four-dimensional limit. Therefore the review should prepare the reader so that they can understand systems in either dimensions. In this review, we mostly concentrate on four-dimensional theories, with only a cursory mention of the systems in five dimensions.
Relation to W-algebras
Another recent developments concerns the two-dimensional CFT structure on the instanton partition function, which was first observed in [50, 51] in the case of SU(2) gauge theory on R 4 , and soon generalized to SU(N ) in [52] , to other classical groups by [26, 27] , and to arbitrary gauge groups by [53] .
This observation was motivated from a general construction found in [54] and reviewed in [V:1, V:2] in this volume. Namely, the 6d N =(2, 0) theory compactified on a Riemann surface C gives rise to 4d N =2 theories labeled by C. Put the 4d theories thus obtained on S 4 . The partition function can be computed as described in [55, 56] and reviewed in [V:5], which is given by an integral of the one-loop part and the instanton part. The one-loop part is given by a product of double-Gamma functions, and the instanton part is the product (one for the north pole and the other for the south pole) of two copies of the instanton partition function as reviewed in this review. As the one-loop part happens to be equal to that of the Liouville-Toda conformal field theory on C as is reviewed in [V:11] , the instanton part should necessarily be equal to the conformal blocks of these CFTs. The conformal blocks have a strong connection to matrix models, and therefore the instanton partition functions can also be analyzed from this point of view. This will be further discussed in [V:4] in this volume.
We can also consider instanton partition functions of gauge group U(N ) on R 4 /Z n where Z n is an subgroup of SU(2) acting on R 4 C 2 . Then the algebra which acts on the moduli space is guessed to be the so-called n-th para-W N algebra [57] [58] [59] [60] [61] [62] [63] . For U(2) on R 4 /Z 2 , we have definite confirmation that there is the action of a free boson, the affine algebra SU(2) 2 , together with the N = 1 supersymmetric Virasoro algebra [57, 64] .
A further variation of the theme is to consider singularities in the configuration of the gauge field along C ⊂ C 2 . This is called a surface operator, and more will be discussed in [V:7] in this volume. The simplest of these is characterized by the singular behavior A θ dθ → µdθ where θ is the angular coordinate transverse to the surface C and µ is an element of the Lie algebra of the gauge group G . The algebra which acts on the moduli space of instanton with this singularity is believed to be obtained by the Drinfeld-Sokolov reduction of the affine algebra of type G [65] [66] [67] . In particular, when µ is a generic semisimple element, the Drinfeld-Sokolov reduction does not do anything in this case, and the algebra is the affine algebra of type G itself when G is simply-laced. This action of the affine algebra was constructed almost ten years ago [19, 20] , which was introduced to physics community in [68] .
Organization
We begin by recalling why the instantons configurations are important in gauge theory in Sec. 2. A rough introduction to the structure of the instanton moduli space is also given there. In Sec. 3, we study the U(N ) gauge theory on R 4 . We start in Sec. 3.1 by considering the partition function of generic supersymmetric quantum mechanics. In Sec. 3.2, we will see how the instanton partition function reduces to the calculation of a supersymmetric quantum mechanics in general, which is then specialized to U(N ) gauge theory in Sec. 3.3, for which explicit calculation is possible. The result is given a mathematical reformulation in Sec. 3.4 in terms of the equivariant cohomology, which is then given a physical interpretation in Sec. 3.5. The relation to the W-algebra is discussed in Sec. 3.6. Its relation to the topological vertex is briefly explained in Sec. 3.7; more details will be given in [V:12] in this volume. In Sec. 4 and Sec. 5, we indicate how the analysis can be extended to other gauge groups and to other spacetime geometries, respectively.
Along the way, we will be able to see the ideas of three distinct mathematical proofs [17] [18] [19] [20] of the agreement of the prepotential as obtained from the instanton counting and that as obtained from the Seiberg-Witten curve. The proof by Nekrasov and Okounkov will be indicated in Sec. 3.3, the proof by Braverman and Etingof in Sec. 5.1, and the proof by Nakajima and Yoshioka in Sec. 5.3.
In this paper we are not going to review standard results in W-algebras, which can all be found in [69, 70] . The imaginary unit √ −1 is denoted by i, as we will often use i for the indices to sum over.
If the reader understands Japanese, an even more introductory account of the whole story can be found in [71] .
2 Gauge theory and the instanton moduli space
Instanton moduli space
Let us first briefly recall why we care about the instanton moduli space. We are interested in the Yang-Mills theory with gauge group G, whose partition function is given by 1) or its supersymmetric generalizations. Configurations with smaller action S contribute more significantly to the partition function. Therefore it is important to find the actionminimizing configuration:
For a finite-action configuration, it is known that the quantity
is always an integer for the standard choice of the trace tr for SU(N ) gauge field. For other gauge groups, we normalize the trace symbol tr so that this property holds true. Then we
which is saturated only when
depending if n > 0 or n < 0, respectively. This is the instanton equation. As it sets the (anti-)self-dual part of the Yang-Mills field strength to be zero, it is also called the (anti)-self dual equation, or the (A)SD equation for short. The equation is invariant under the gauge transformation g(x). We identify two solutions which are related by gauge transformations such that g(x) → 1 at infinity. The parameter space of instanton solutions is called the instanton moduli space, and we denote it by M G,n in this paper.
For the simplest case G = SU(2) and n = 1, a solution is parameterized by eight parameters, namely
• four parameters for the center, parameterizing R 4 ,
• one parameter for the size, parameterizing R >0 ,
• and three parameters for the global gauge direction SU(2)/Z 2 ∼ S 3 /Z 2 .
The last identification by Z 2 is due to the fact that the Yang-Mills field is in the triplet representation and therefore the element diag(−1, −1) ∈ SU(2) doesn't act on it. The instanton moduli space is then
where we combined R >0 and S 3 to form an R 4 . As the equation (2.5) is scale invariant, an instanton can be shrunk to a point. This is called the small instanton singularity, which manifests in (2.6) as the Z 2 orbifold singularity at the origin.
For a general gauge group G and still with n = 1, it is known that every instanton solution is given by picking an SU(2) 1-instanton solution and regarding it as an instanton solution of gauge group G by choosing an embedding SU(2) → G. It is known that such embeddings have 4h ∨ (G) − 5 parameters, where h ∨ (G) is the dual Coxeter number of G. Together with the position of the center and the size, we have 4h ∨ (G) parameters in total. Equivalently, the instanton moduli space M G,1 is real 4h
It is a product of R 4 and the minimal nilpotent orbit of g C : this fact will be useful in Sec. 4.3. When n > 0, one way to construct such a solution is to take n 1-instanton solutions with well-separated centers, superimpose them, and add corrections to satisfy the equation (2.5) necessary due to its nonlinearity. It is a remarkable fact that this operation is possible even when the centers are close to each other. The instanton moduli space M G,n then has real 4h ∨ (G)n dimensions. There is a subregion of the moduli space where one out of n instantons shrink to zero size, and gives rise to the small instanton singularity. There, the gauge configuration is given by a smooth (n − 1)-instanton solution with a pointlike instanton put on top of it. Therefore, the small instanton singularity has the form [72]
Path integral around instanton configurations
Now let us come back to the evaluation of the path integral (2.1). We split a general gauge field A µ of instanton number n into a sum
where A inst µ is the instanton solution closest to the given configuration A µ . When δA µ is small, we have
and the path integral becomes
where X ∈ M G,n labels an instanton configuration. It was 't Hooft who first tried to use this decomposition to study the dynamics of quantum Yang-Mills theory [73] . It turned out that the integral over the fluctuations δA µ around the instanton configuration makes the computation in the strongly coupled, infrared region very hard in general.
For a supersymmetric model with a weakly coupled region, however, the fermionic fluctuations and the gauge fluctuations cancel, and often the result can be written as an integral over M G,n of a tractable function with explicit expressions; the state of the art at the turn of the century was summarized in the reference [5] . One place the relation between supersymmetry and the instanton equation (2.5) manifests itself is the supersymmetry transformation law of the gaugino, which is roughly of the form
Here, F αβ and Fαβ are (A)SD components of the field strength written in the spinor notation. Therefore, if the gauge configuration satisfies (2.5), then depending on the sign of n, half of the supersymmetry corresponding to α or α remains unbroken. In general, in the computation of the partition function in a supersymmetric background, only configurations preserving at least some of the supersymmetry gives non-vanishing contributions in the path integral. This is the principle called the supersymmetric localization. In this review we approach this type of computation from a rather geometric point of view. 
Toy models
We will start by considering supersymmetric quantum mechanics, as we are going to reduce the field theory calculations to supersymmetric quantum mechanics on instanton moduli spaces in Sec. 3.2.
3.1.1 Supersymmetric quantum mechanics on C 2 Let us first consider the quantum mechanics of a supersymmetric particle on C 2 , parameterized by (z, w). Let the supersymmetry be such that z, w are invariant, and (z, ψz) and (w, ψw) are paired. This system also has global symmetries J 1 and J 2 , such that (J 1 , J 2 ) = (1, 0) for z and (J 1 , J 2 ) = (0, 1) for w.
Let us consider its supersymmetric partition function
where H is the total Hilbert space. As there is a cancellation within the pairs (z, ψz) and (w, ψw), we have the equality
where H susy is the subspace consisting of supersymmetric states, which in this case is
The partition function is then
(3.4)
In the β → 0 limit, we have
Next, consider a charged supersymmetric particle moving on S 2 CP 1 , under the influence of a magnetic flux of charge j = 0, 1 2 , 1, etc. Let us use the complex coordinate z so that z = 0 is the north pole and z = ∞ is the south pole. The supersymmetric Hilbert space is then 6) and is the spin j representation of SU (2) 
Localization theorem
These two examples illustrate the following localization theorem: consider a quantum mechanics of a supersymmetric particle moving on a smooth complex space M of complex dimension d with isometry U(1) n , under the influence of a magnetic flux corresponding to a line bundle L on M . Then the space of the supersymmetric states is the space of holomorphic sections of L. When L is trivial, it is just the space of holomorphic functions on M .
Assume the points fixed by U(1) n on M are isolated. Denote the generators of U(1) n by J 1 , . . . , J n . Then the following relation holds:
see e.g. [74] . Here, the sum runs over the set of fixed points p on M , and j(p) i and k(p) i,a are defined so that
In the following, it is convenient to abuse the notation and identify a vector space and its character under U(1) N . Then we can just write
We will also use +, ×, − instead of ⊕, ⊗ and . In (3.4), the only fixed point is at (z, w) = (0, 0), and in (3.8), there are two fixed points, one at z = 0 and z = ∞. It is easy to check that the general theorem reproduces (3.4) and (3.8) .
It is also clear that in the β → 0 limit, we have 14) which is zero if M is compact. and the partition function is therefore
The β → 0 limit is then
The additional factor 2 with respect to (3.5) is due to the Z 2 identification. The localization theorem is not directly applicable, as the fixed point (z, w) = (0, 0) is singular. Instead, take the blow-up M of C 2 /Z 2 , which is the total space of the canonical line bundle of CP 1 . The space is now smooth, with two fixed points. At the north pole n, 18) and at the south pole s,
Then we have
from the localization theorem, which agrees with (3.16).
Instanton partition function: generalities
Let us now come to the real objective of our study, namely the four-dimensional N = 2 supersymmetric gauge theory. The data defining the theory is its gauge group G, the flavor symmetry F , and the hypermultiplet representation R ⊕R under G × F . With the same data, we can consider the five-dimensional N = 1 supersymmetric gauge theory, with the same gauge group and the same hypermultiplet representation. We put this five-dimensional theory on a C 2 bundle over S 1 given by taking C 2 × [0, β) parameterized by (z, w, ξ 5 ), and making the identification (z, w, 0) ∼ (e iβ 1 z, e iβ 2 w, β). We set the vacuum expectation value of the gauge field at infinity, such that its integral along the ξ 5 direction is given by
We also set the background vector field which couples to the flavor symmetry, such that its integral along the ξ 5 direction is given by
m i becomes the mass parameters when we take the four-dimensional limit β → 0. We are interested in the supersymmetric partition function in this background:
where H QFT is the Hilbert space of the five-dimensional field theory on R 4 ; J 1,2 , Q 1,...,r and F 1,...,f are the generators of the spatial, gauge and flavor rotation, respectively.
We are mostly interested in the non-perturbative sector, where one has instanton configurations on R 4 with instanton number n. Here we assume that G is a simple group; the generalization is obvious.
Energetically, five-dimensional configurations which are close to a solution of the instanton equation (2.5) at every constant time slice are favored within the path integral, similarly as discussed in Sec. 2.1. We can visualize such a configuration as one where the parameters describing the n-instanton configuration is slowly changing according to time. Therefore, the system can be approximated by the quantum mechanical particle moving within the instanton moduli space. This approach is often called the moduli space approximation. With supersymmetry, this approximation becomes exact, and we have
where g is the five-dimensional coupling constant, and H n is the Hilbert space of the supersymmetric quantum mechanics on the n-instanton moduli space. Its bosonic part M G,n is the moduli space of n-instantons of gauge group G, which we reviewed in Sec. 2.1. It has complex dimension 2h ∨ (G)n. In addition, the fermionic direction V(R) has complex dimension k(R)n, where k(R) is the quadratic Casimir normalized so that it is 2h ∨ (G) for the adjoint representation. This V(R) is a vector bundle over the instanton moduli space M G,n , and is often called the matter bundle.
M G,n has a natural action of U (1) 2 which rotates the spacetime C 2 , and a natural action of G which performs the spacetime independent gauge rotation. These actions extend equivariantly to the matter bundle V(R).
Then, if M G,n were smooth and if the fixed points p under U (1) 2+r ⊂ U (1) 2 × G were isolated, we can apply the localization theorem to compute the instanton partition function:
where v t (p) and w t (p) are linear combinations of 1,2 , a 1,...,r and m 1,...,f such that we have
As was explained in Sec. 2.1, M G,n has small instanton singularities and the formula above is not directly applicable. One of the technical difficulties in the instanton computation is how to deal with this singularity. Currently, the explicit formula is known (or, at least the method to write it down is known) for the following cases: i) G = U(N ) with arbitrary representations, ii) G = SO(N ) with representations appearing in the tensor powers of the vector representation, and iii) G = USp(2N ) with arbitrary representations. We will discuss U(N ) with (bi)fundamentals in Sec. 3.3, and SO(N ) and USp(2N ) with fundamentals in Sec. 4.1. For other representations, see [24, 25] . The 5d gauge theory can have a Chern-Simons coupling, it induces a magnetic flux to the supersymmetric quantum mechanics on the instanton moduli space, which will introduce a factor in the numerator of (3.26) as dictated by the localization theorem (3.10) [75] .
The four-dimensional limit β → 0 needs to be taken carefully. In principle threre can be multiple interesting choices of the scaling of the variables, resulting in different four dimensional dynamics. Here we only consider the standard one. We would like to take the limit β → 0 keeping 1,2 and a i finite. Note that each term in the sum (3.26) with fixed instanton number n has (2h ∨ (G) − k(R))n more factors in the denominator, producing a factor ∝ β −(2h ∨ (G)−k(R))n . In order to compensate it, we express the classical contribution to the action in (3.26) as
and keep q fixed while taking β → 0. The four-dimensional limit of the partition function is then
Note that the naive four-dimensional coupling g 4d is given by the five-dimensional coupling g 5d by the relation 8π
.
(3.30)
Therefore, the relation (3.28), where q is fixed and β is varied, can be thought of as describing the running of g 4d when we change the UV cutoff scale β −1 . We see that the relation (3.28) correctly reproduces the logarithmic one-loop running of g 4d , controlled by the one-loop beta function coefficient 2h
. It is somewhat gratifying to see that the logarithmic running arises naturally in this convoluted framework.
This definition of the four-dimensional instanton partition function does not explain why its limit F (a 1,...,r ) = lim
is the prepotential of the four-dimensional gauge theory. For field theoretical explanations, see [10] or the Appendix of [75] .
Instanton partition function: unitary gauge groups
The instanton moduli space is always singular as explained in Sec. 2.1. Therefore, we need to do something in order to apply the idea outlined in the previous section. When the gauge group is U(N ), there is a standard way to deform the singularities so that the resulting space is smooth [9, 76] .
ADHM construction Let the instanton number be n, and introduce the space
• Here X G,n is a linear space constructed from two vector spaces V , W described below as follows
Here, T i is a one-dimensional space on which the generator J i has the eigenvalue +1.
As it is very cumbersome to write a lot of ⊗ and ⊕, we abuse the notation as already introduced above, by identifying the vector space and its character:
• V C n is a space with a natural GL(n) action and,
• W C N is a space with a natural U(N ) action.
• The * operation is defined naturally by setting i * = −i, 1,2 * = 1,2 , and a 1,...,r * = a 1,...,r ,
• and µ C is a certain quadratic function on X G,n taking value in the Lie algebra of GL(n),
• and finally t is a deformation parameter taking value in the center of the Lie algebra of GL(n). For generic t the space is smooth, but it becomes singular when t = 0. This is called the ADHM construction, and the space at t = 0, M G,n,0 , is the instanton moduli space M G,n . The trick we use is to replace M G,n by M G,n,t with t = 0 and apply the localization theorem. The answer does not depend on t as long as it is non-zero. The deformation by t can be physically realized by the introduction of the spacetime noncommutativity [76] , but this physical interpretation does not play any role here. Mathematically, this deformation corresponds to considering not just bundles but also torsion free sheaves, see e.g. [9] . Note that it is not known how to perform such deformation in other gauge groups at present.
The fixed points of the U(1) 2+N action on M G,n,t was classified in [16] , which we will describe below. A fixed point p is labeled by N Young diagrams Y = (Y 1 , . . . , Y N ) such that the total number of the boxes | Y | is n. Let us denote by (i, j) ∈ Y when there is a box at the position (i, j) in a Young diagram Y . Then, the fixed point labeled by p = (Y 1 , . . . , Y N ) corresponds to the action of U (1) 2 and U(1) r ⊂ G on V and W such that
Then we have 36) from which you can read off v(p) t in (3.27). As for w(p) t , we have
where m is the mass of the hypermultiplets. In the case of a bifundamental of U(N 1 )×U(N 2 ), the zero modes are determined once the instanton configurations p, q of U(N 1,2 ) are specified:
38) Note that both the adjoint and the fundamental are special cases of the bifundamental, namely, the adjoint is when p = q, and the fundamental is when p is empty.
Then it is just a combinatorial exercise to write down the explicit formula for the fourdimensional partition function (3.29) in terms of Young diagrams labeling the fixed points. The explicit formulas are given below. However, before writing them down, the author would like to stress that to implement it in a computer algebra system, it is usually easier and less error-prone to just directly use the formulas (3.35), (3.36), (3.37), (3.38) to compute the characters and then to read off v(p) t and w(p) t via (3.27), which can then be plugged in to (3.29). Explicit formulas Let Y = (λ 1 ≥ λ 2 ≥ · · · ) be a Young tableau where λ i is the height of the i-th column. We set λ i = 0 when i is larger than the width of the tableau. Let Y T = (λ 1 ≥ λ 2 ≥ · · · ) be its transpose. For a box s at the coordinate (i, j), we let its arm-length A Y (s) and leg-length L Y (s) with respect to the tableau Y to be
see Fig. 2 . Note that they can be negative when the box s is outside the tableau. We then define a function E by
We use the vector symbol a to stand for N -tuples, e.g.
Then, the contribution of an SU(N ) vector multiplet from the fixed point p labeled by an N -tuple of Young diagrams Y is the denominator of (3.29), where v t (p) can be read off from the characters of T M G,n | p once we have the form (3.27) . This is done by plugging (3.35) to (3.36) . The end result is
Note that there are 2N n factors in total. This is as it should be, as T M G,n is complex 2N n dimensional, and there are 2N n eigenvalues at each fixed point. The contribution from (anti)fundamental hypermultiplets is given by
where φ(a, s) for the box s = (i, j) is defined as
They directly reflect the characters of V p in (3.35).
When we have gauge group SU(N ) × SU(M ) and a bifundamental charged under both, the contribution from the bifundamental depends on the gauge configuration of both factors of the gauge group. Namely, for the fixed point p of M SU(N ),n,t labeled by the Young diagram Y and the fixed point q of M SU(N ),n labeled by the Young diagram W , the contribution of a bifundamental is [21, 25] : 
is also common. For their relative merits, the reader is referred to the thorough discussion in [77] . Let us write down, as an example, the instanton partition function of N = 2 * SU(N ) gauge theory, i.e. an SU(N ) theory with a massive adjoint multiplet. We just have to multiply the contributions determined above, and we have
. ..,f . The prepotential can be extracted by taking the limit 1,2 → 0. There, the summation can be replaced by an extremalization procedure over the asymptotic shape of the Young diagrams. Applying the matrix model technique, one finds that the prepotential as obtained from this instanton counting is the same as the prepotential as defined by the Seiberg-Witten curve [18] .
Explicit evaluation for U(2) with 1-instanton Before proceeding, let us calculate the instanton partition function for the pure U(2) gauge theory at 1-instanton level explicitly. It would be a good exercise, as the machinery used so far has been rather heavy, and the formulas are although concrete rather complicated. In fact, the calculation is already done in Sec. 3.1, since the moduli space in question is C 2 × C 2 /Z 2 . Here the first factor C 2 is the position of the center of the instanton, and C 2 /Z 2 ∼ R >0 × S 3 /Z 2 parameterizes the gauge orientation of the instanton via S 3 /Z 2 SO(3) SU(2)/Z 2 and the size of the instanton via R >0 . Introduce the coordinates (z, w, u, v) with the identification (u, v) ∼ (−u, −v). The action of e iβ( 1 J
and (u, v) form a doublet under the SU(2) gauge group. Then for diag(e iβa , e −iβa ) ∈ SU(2), we have
Then the instanton partition function is given by combining (3.5) and (3.17):
It is an instructive exercise to reproduce this from the general method explained earlier in this section.
A mathematical reformulation
Let us now perform a mathematical reformulation, following the idea of [78] . For G = U (N ), consider the vector space
where
where p runs over the fixed points of U(1) 2+r action on M G,n,t . We define the inner product by taking the denominator of (3.29):
Note that the basis vectors are independent of a, but the inner product does depend on a.
We introduce an operator N such that V G, a,n is the eigenspace with eigenvalue n. Let us introduce a vector
Then the partition function (3.29) of the pure SU(N ) gauge theory is just
A bifundamental charged under G 1 = SU(N 1 ) and G 2 = SU(N 2 ) defines a linear map
where the right hand side comes from the decomposition
Using this linear map Φ b,m, a , we can concisely express the partition function of quiver gauge theories. For example, consider SU(N ) 1 × SU(N ) 2 gauge theory with bifundamental hypermultiplets charged under SU(N ) 1 × SU(N ) 2 with mass m, see Fig. 3 (4d) . Then the instanton partition function (3.29) is just
In this section, we introduced the vector space V G, a,n together with its inner product using fixed points of M G,n,t . It is known that this vector space is a natural mathematical object called the equivariant cohomology:
where S is the quotient field of H * G×U(1) 2 (pt). A vector called the fundamental class [M G,n,t ] is naturally defined as an element in H * G×U(1) 2 (M G,n,t ). Then the vector |pure above is
For general G, there is only the singular space M G,n and not the smooth version M G,n,t . Still, using the equivariant intersection cohomology, one can write the partition function of the pure N = 2 gauge theory with arbitrary gauge group G in the form (3.57), see e.g. [79] .
Physical interpretation of the reformulation
The reformulation in the previous section can be naturally understood by considering a fivedimensional setup; it is important to distinguish it from another five-dimensional set-up we already used in Sec. 3.2.
Take the maximally supersymmetric SU(N ) gauge theory with coupling constant g. We put the system on R 1,3 times a segment in the
Figure 3: Higher-dimensional setup of the quiver theory. The horizontal direction is x 5 . 4d) the SU(N ) × SU(N ) quiver gauge theory in the infrared. 5d) 5d maximally supersymmetric SU(N ) theory on a segment. eq) its partition function, regarding the fifth direction as "time". 6d) 6d N = (2, 0) theory on a cylinder.
We put boundary conditions at
This necessarily breaks the supersymmetry to one half of the original, making it to a system with 4d N = 2 supersymmetry. At x 5 = L 1 , we put N × N hypermultiplets, to which the SU(N ) gauge group on the left and the SU(N ) gauge group on the right couple by the left and the right multiplication. At x 5 = 0 and x 5 = L 1 + L 2 , we put a boundary condition which just terminates the spacetime without introducing any hypermultiplet. See Fig. 3 (5d) .
In the scale larger than L 1,2 , the theory effectively becomes the quiver gauge theory treated, because the segment . Therefore we have, in (3.61),
The final idea is to consider the x 5 direction as the time direction. At each fixed value of x 5 , one has a state in the Hilbert space of this quantum field theory, which is V G, a introduced in the previous section. Then every factor in the partition function of the quiver theory (3.61) has a natural interpretation, see Fig. 3 
(eq):
• |pure is the state created by the boundary condition at x 5 = 0.
• q N 1 = e (log q 1 )N = e −L 1 E is the Euclidean propagation of the system by the length L 1 .
• Φ a 2 ,m, a 1 is the operation defined by the bifundamental hypermultiplet at x 5 = L 1 .
• q N 2 = e (log q 2 )N = e −L 2 E is the Euclidean propagation of the system by the length L 2 .
• pure| is the state representing the boundary condition at
W-algebra action and the sixth direction
For G = U(N ), it is a mathematical fact [80, 81] that there is a natural action of the W N algebra on V G, a . The W N algebra is generated by two-dimensional holomorphic spin-d currents W d (z), d = 2, 3, . . . , N , and in particular contains the Virasoro subalgebra generated by T (z) = W 2 (z). The L 0 of the Virasoro subalgebra is identified with N acting on V G, a .
In particular, L −m maps V G, a,n to V G, a,n+m . Figuratively speaking, L −m adds m instantons into the system. Furthermore, for generic value of a, V G, a is the Verma module of the W N -algebra times a free boson. The central charge of the Virasoro subalgebra of this W N algebra is given by the formula
Furthermore, it is believed that there is a natural decomposition
into a W N Verma module V a , and a free boson Fock space H m . Here, we define m and a
Note that a lives in an N − 1 dimensional subspace. Then V a is the Verma module of the W N algebra constructed from N − 1 free scalar fields with zero mode eigenvalue by a and the background charge 68) and H m is the free boson Fock space with zero mode eigenvalue m. The action of a free boson on H m was constructed in [78] . The decomposition above was also studied in [82, 83] When 1 + 2 = 0, we have b + 1/b = 0 and the background charges (3.68) vanish. In this case the system becomes particularly simple, and it was already studied in [84] [85] [86] The vector |pure ∈ V G, a , from this point of view, is a special vector called a Whittaker vector, which is a kind of a coherent state of the W-algebra [51, [87] [88] [89] . Small number of hypermultiplets in the fundamental representation also is a boundary condition which also corresponds to a special state, studied in [90] .
The linear map Φ a,m, b defined by a bifundamental hypermultiplet (3.58) should be a natural map between two representations of W N algebras. A natural candidate is an intertwiner of the W N algebra action, or equivalently, it is an insertion of a primary operator of W N . If that is the case, the partition function of a cyclic quiver with the gauge group SU(N ) 1 
for example, is the conformal block of the W N algebra on the torus z ∼ q 1 q 2 q 3 z with three insertions at z = 1, q 1 , and q 1 q 2 . This explains the observation first made in [50] .
Therefore the mathematically missing piece is to give the proof that Φ a,m, b is the primary operator insertion. For N = 2 when W N is the Virasoro algebra, this has been proven in [91, 92] , but the general case is not yet settled. At least, there are many studies which show the agreement up to low orders in the q-expansion [93, 94] . Also, the decomposition (3.66) predicts the existence of a rather nice basis in the Verma module of W N algebra times a free boson which was not know before, whose property was studied in [95] . The decomposition was also studied from the point of view of the W 1+∞ algebra [96, 97] corresponding to the case 1 + 2 = 0. Its generalization to the case 1 + 2 = 0 was done in [98] .
When one considers a bifundamental charged under SU(N 1 ) × SU(N 2 ) with N 1 > N 2 , we have a linear operator Φ :
and we have an action of W N i on V SU(N i ) . The 6d construction using N = (2, 0) theory of type SU(N 1 ) [54] suggests that it can also be represented as a map 
String theoretical interpretations
As seen in Sec. 3.5, the operator N is the Hamiltonian generating the translation along x 5 . It is therefore most natural to make the identification log |z| = x 5 . Although the circle direction x 6 = arg z was not directly present in the setup of Sec. 3.5, it also has a natural interpretation. Namely, the maximally supersymmetric 5d gauge theory with gauge group U(N ) on a space X is in fact the six-dimensional N = (2, 0) theory of type U(N ) on a space X × S 1 , such that the Kaluza-Klein momentum along the S 1 direction is the instanton number of the 5d gauge theory. This again nicely fits with the fact that L n creates n instantons, as the operator L n has n Kaluza-Klein momenta along S 1 . The quiver gauge theory treated at the end of Sec. 3.5 can now be depicted as in Fig. 3 (6d) . There, the boundary conditions at both ends correspond to the state |pure in V. The operator Φ a,m, b is now an insertion of a primary field.
If one prefers string theoretical language, it can be further rephrased as follows. We consider N D4-branes on the space X, in a Type IIA set-up. This is equivalent to N M5-branes on the space X × S 1 in an M-theory set-up. The Kaluza-Klein momenta around S 1 are the D0-branes in the Type IIA description, which can be absorbed into the world-volume of the D4-branes as instantons. The insertion of a primary is an intersection with another M5-brane. This reduces in the type IIA limit an intersection with an NS5-brane, which gives the bifundamental hypermultiplet.
In the discussions so far, we introduced two vector spaces associated to the n-instanton moduli space M G,n , and saw the appearance of three distinct extra spacetime directions, ξ 5 , x 5 and x 6 .
• First, we introduced H n in Sec. 3.2. We put N = 1 supersymmetric 5d gauge theory with hypermultiplets on the Ω background R 4 × S 1 so that R 4 is rotated when we go around S 1 . We then considered S 1 as the time direction. We called this direction ξ 5 . The supersymmetric, non-perturbative part of the field theory Hilbert space reduces to the Hilbert space of the supersymmetric quantum mechanics on the moduli space of n-instantons plus the hypermultiplet zero modes. We did not use the inner product in this Hilbert space. Mathematically, it is the space of holomorphic functions on the moduli space.
• Second, we introduced V n in Sec. 3.4. We put the maximally-supersymmetric 5d gauge theory on R 4 × a segment parameterized by x 5 , and considered the segment as the time direction. The supersymmetric, non-perturbative part of the field theory Hilbert space reduces to the space V n . It has an inner product, defined by means of the trace on H n . Mathematically, V n is the equivariant cohomology of the moduli space. In this second setup, another circular direction x 6 automatically appears, so that it combines with x 5 to form a complex direction log z = x 5 + ix 6 .
It is important to keep in mind that in this second story with x 5 and x 6 we kept the radius β of ξ 5 direction to be zero. If we keep it to a nonzero value instead, the inner product on V G, a (3.55) is instead modified to
Let us distinguish the vector space with this modified inner product from the original one by calling itṼ G, a . The W N action is no longer there. Instead, we have [80, 81, [102] [103] [104] an action of q-deformed W N algebra onṼ G, a , which does not contain a Virasoro subalgebra. Therefore, we do not generate additional direction x 6 anymore. String theoretically, the set up with ξ 5 and x 5 corresponds to having N D5-branes in Type IIB, and it is hard to add another physical direction to the system. Relation to the refined topological vertex Now, let us picturize this last Type IIB setup. We depict N D5-branes as N lines as in Fig 4 (1) . The horizontal direction is x 5 , the vertical direction is x 9 , say. We do not show the spacetime directions R 4 or the compactified direction ξ 5 . In the calculation of the instanton partition function, we assign a Young diagram to each D5-brane.
The boundary condition at fixed value of x 5 , introducing a bifundamental hypermultiplet, is realized by an NS5-brane cutting across N D5-branes, which can be depicted as in Fig 4 (2) . When an NS5-brane crosses an D5-brane, they merge to form a (1,1) 5-brane, which needs to be tilted to preserve supersymmetry; the figure shows this detail.
Therefore, the whole brane set-up describing a five-dimensional quiver gauge theory on a circle can be built from a vertex joining three 5-branes Fig 4 (3) , and a line representing a 5-brane Fig. 4 (4) . Any 5-brane is obtained by an application of the SL(2, Z) duality to the 5-brane, so one can associate a Young diagram to any line. The basic quantity is then a The phrase 'refined topological' is used due to the following situation where it was originally discovered. A review of the detail can be found in [V:12] in this volume, so we will be brief here. We apply a further chain of dualities to the setup we have arrived, so that the diagrams in Fig. 4 are now considered as specifying the toric diagram of a noncompact toric Calabi-Yau space on which M-theory is put. The direction ξ 5 is now the M-theory circle. Nekrasov's partition function of this setup when 1 = − 2 = g s is given by the partition function of the topological string on the same Calabi-Yau with the topological string coupling constant at g s . This gives the unrefined version of the topological vertex. The generalized case 1 = − 2 should correspond to a refined version of the topological string on the Calabi-Yau, and the function Z vertex for general 1 , 2 is called the refined topological vertex. The unrefined version was determined in [37, 38] and the refined version was determined in [39, 40, 105] .
In this discussion, we implicitly used the fact that the logarithm of the partition function on the Ω background (3.21) is equal to the prepotential in the presence of the graviphoton background, which is further equal to the free energy of the topological string. In the unrefined case this identification goes back to [106, 107] . The refined case is being clarified, see e.g. [108] [109] [110] .
As an aside, we can also perform a T-duality along the ξ 5 direction in the type IIB configuration above. This gives rise to a type IIA configuration in the fluxtrap solution, which lifts to a configuration of M5-branes with four-form background [111] [112] [113] . For a certain class of gauge theories, we can also go to a duality frame where we have D3-branes in an orbifold singularity with a particular RR-background. It has been directly checked that the partition function in this setup reproduces Nekrasov's partition function in the unrefined case 1 + 2 = 0 [114] [115] [116] .
Let us come back to the discussion of the refined topological vertex itself. The summation over the Young diagrams in the internal lines of Fig. 4 (2) can be carried out explicitly using the properties of Macdonald polynomials, and correctly reproduces the numerator of the partition function (3.26) coming from a bifundamental, given by the weights in (3.38) . The denominator basically comes from the propagator factors associated to N horizontal lines [36, 41] .
Here, it is natural to consider an infinite dimensional vector spacẽ
whose basis is labeled by a Young diagram, such that the inner product is given by the propagator factor ∆(Y ) of the topological vertex. Now, the spaceṼ 1 is known to have a natural action of an algebra called the Ding-Iohara algebra DI [117] . It might be helpful to know that this algebra is also called the elliptic Hall algebra, or the quantum toroidal GL(1) algebra; see e.g. [118] for the quantum toroidal algebras. Then the refined topological vertex Z vertex is an intertwiner of this algebra:
The q-deformed W N -algebra action onṼ U(N ) , from this point of view, should be understood from its relation to the action of the Ding-Iohara algebra DI oñ
The W N action on V U(N ) should follow when one takes the four-dimensional limit when the radius β of the ξ 5 direction goes to zero. This formulation has an advantage that the instanton partition function on S 1 of a 5d non-Lagrangian theory, such as the T N theory corresponding to Fig. 4 (5) , can be computed, by just multiplying the vertex factors and summing over Young diagrams. Indeed this computation was performed in [119, 120] , where the E 6 symmetry of the partition function of T 3 was demonstrated.
It should almost be automatic that the resulting partition function Z T N of T N is an intertwiner of q-deformed W N algebra, because the linear map
is obtained by composing N (N − 1)/2 copies of Z vertex according to Fig. 4 (5) . One can at least hope that the intertwining property of Z vertex , together with the naturality of the map (3.75), should translate to the intertwining property of Z T N .
Other gauge groups
In this section, we indicate how the instanton calculations can be extended to gauge groups other than (special) unitary groups. We do not discuss the details, and only point to the most relevant results in the literature.
Classical gauge groups
Let us consider classical gauge groups G = SO(2n), SO(2n + 1) and USp(2n). Physically, nothing changes from what is stated in Sec. 3.2; we need to perform localization on the n-instanton moduli space M G,n of gauge group G. A technical problem is that there is no known way to resolve and/or deform the singularity of M G,n to make it smooth, when G is not unitary.
To proceed, we first re-think the way we performed the calculation when G = U(N ). For classical G, the instanton moduli space has the ADHM description, just as in the unitary case recalled in (3.32):
Here, K(G, n) is a complexified compact Lie group, and X G,n is a vector space, given as in (3.34) by a tensor product and a direct sum starting from vector spaces V and W which are the fundamental representations of K(G, n) and G respectively. One can formally rewrite the integral which corresponds to the localization on M G,n as an integral over
where k(G, n) is the Lie algebra of K(G, n). The integral along X G,n can be easily performed, and the integration on k R (G, n) can be reduced to an integration on the Cartan subalgebra
where f is a rational function. The fact that M G,n is singular is reflected in the fact that the poles of the rational function are on the integration locus h R (G, n). When G is unitary, the deformation of the instanton moduli space M G,n to make it smooth corresponds to a systematic deformation of the half-dimensional integration contour h R (G, n) ⊂ h C (G, n). Furthermore, the poles are in one-to-one correspondence with the fixed points on the smoothed instanton moduli space. A pole is given by a specific value φ ∈ h C (G, n) which is a certain linear combinations of 1,2 , a 1,...,r , and m 1,...,f . In other words, the position of a pole is given by specifying the action of U (1) 2+r ⊂ U(1) 2 × G on the vector space V , which is naturally a representation of K(G, n). Finally, the residues give the summand in the localization formula (3.29) .
Although the deformation of the moduli space is not possible when G is not unitary, the systematic deformation of the integration contour h R (G, n) ⊂ h C (G, n) is still possible. The poles are still specified by the actions
Then the instanton partition function (4.3) can be written down explicitly as
This calculation was pioneered in [22, 23] , and further elaborated in [26] .
Effect of finite renormalization
Let us in particular consider N = 2 SU(2) gauge theory with four fundamental hypermultiplets, with all the masses set to zero for simplicity. Its instanton partition function can be calculated either as the N = 2 case of SU(N ) theory, or as the N = 1 case of USp(2N ) theory, using the ADHM construction either of the SU instantons or of the USp instantons. What was found in [26] is that the n-instanton contribution calculated in this manner, are all different: Z SU (2) inst,n ( 1,2 ; a) = Z
USp (2) inst,n ( 1,2 ; a). (4.6)
They also found that the total instanton partition functions
becomes the same,
The physical coupling q IR = e 2πτ IR in the infrared is then given in terms of the prepotential:
This is given by
This finite discrepancy between the UV coupling q SU(2) and the IR coupling q IR was first clearly recognized in [121] , and the all order form was conjectured by [48] . We see that the UV coupling q USp(2) is different from both. These subtle difference among q SU(2) , q USp(2) and q IR reflects a standard property of any well-defined quantum field theory. The factor weighting the instanton number, q G , is an ultra-violet dimensionless quantity, and is renormalized, the amount of which depends on the regularization chosen. The choice of the ADHM construction of the SU(2) = USp (2) instanton moduli space and the subsequent deformation of the contours are part of the regularization. The final physical answer should be independent (4.8), once the finite renormalization is correctly performed, as in (4.9) .
In this particular case, there is a natural geometric understanding of the relations (4.9) and (4.11) [26] . The SU(2) theory with four flavors can be realized by putting 2 M5-branes on a sphere C with four punctures a 1 , a 2 , b 1 , b 2 , whose cross ratio is the UV coupling q SU (2) . The Seiberg-Witten curve of the system is the elliptic curve E which is a double-cover of C with four branch points at a 1 , a 2 , b 1 , b 2 . The IR gauge coupling is the complex structure of E, and this gives the relation (4.11).
The same system can be also realized by putting 4 M5-branes on top of the M-theory orientifold 5-plane on a sphere C with four punctures, x, y, a, b, whose cross ratio is the coupling q USp(2) . Here we also have the orientifold action around the puncture x, y. There is a natural 2-to-1 map C → C with branch points at x and y, so that a 1,2 and b 1,2 on C are inverse images of a and b on C , respectively. This gives the relation (4.9).
Exceptional gauge groups
For exceptional gauge groups G , not much was known about the instanton moduli space M G,n , except at instanton number n = 1, because we do not have ADHM constructions. To perform the instanton calculation in full generality in the presence of matter hypermultiplets, we need to know the properties of various bundles on M G,n . For the pure gauge theory, the knowledge of the ring of the holomorphic functions on M G,n would suffice. Any instanton moduli space decomposes as
, where C 2 parameterize the center of the instanton, and M centered G,n is called the centered instanton moduli space. Therefore the question is to understand the centered instanton moduli space better.
The centered one-instanton moduli space of any gauge group G is the minimal nilpotent orbit of g C , i.e. the orbit under G C of a highest weight vector. The ring of the holomorphic functions on the minimal nilpotent orbit is known [122] [123] [124] , and thus the instanton partition function of pure exceptional gauge theory can be computed up to instanton number 1 [53] .
There are 4d N = 2 quantum field theories "of class S" whose Higgs branch is M centered Er,n [125] . There is now a conjectured formula which computes the ring of holomorphic functions on the Higgs branch of a large subclass of class S theories [126] . A review can be found in [V:8] in this volume. This method can be used to study M Er,2 explicitly, from which the instanton partition function of E-type gauge theories can be found [127] [128] [129] . Moreover, the Higgs branch of any theories of class S is obtained [130] by the hyperkähler modification [131] of the Higgs branch of the so-called T G theory. The Higgs branch of the T G theory is announced to be rigorously constructed [132] . Therefore, we now have a finitedimensional construction of M Er,n . This should allow us to perform any computation on the instanton moduli space, at least in principle.
Relation to W-algebras
We can form an infinite-dimensional vector space V G as in Sec. 3.4. When G = SU(N ), there was an action of the W N algebra on V G . There is a general construction of Walgebras starting from arbitrary affine Lie algebrasĜ and twisted affine Lie algebrasĜ (s) where s = 2, 3 specifies the order of the twist; in this general notation, the W N algebra is W ( SU(N ) ) algebra. For a comprehensive account of W-algebras, see the review [69] and the reprint volume [70] .
When G is simply-laced, i.e. G = SU(N ), SO(2N ) or E N , V G has an action of the W (Ĝ) algebra; this can be motivated from the discussion as in Sec. 3.6. We start from the 6d N = (2, 0) theory of type G, and put it on R 4 × C 2 where C 2 is a Riemann surface, so that we have N = 2 supersymmetry in four dimensions. Then, we should have some kind of two-dimensional system on C 2 . The central charge of this two-dimensional system can be computed [133, 134] starting from the anomaly polynomial of the 6d theory, which results in
This is the standard formula of the central charge of the W (Ĝ) algebra, when G is simplylaced. When G is not simply-laced, we can use the physical 5d construction in Sec. 3.5, but there is no 6d N = (2, 0) theory of the corresponding type. Rather, one needs to pick a simply-laced J and a twist σ of order s = 2, 3, such that the invariant part of J under σ is Langlands dual to G, see the Table 1 . Then, the 5d maximally supersymmetric theory with gauge group G lifts to a 6d theory of type J, with the twist by σ around x 6 . This strongly suggests that the W-algebra which acts on V G is W (Ĝ (s) ). This statement was checked to the one-instanton level in [53] by considering pure G gauge theory. A full mathematical proof for simply-laced G is available in [135] .
5 Other spaces
With a surface operator
Generalities Let us consider a gauge theory with a simple gauge group G, with a surface operator supported on C ⊂ C 2 . A detailed review can be found in [V:7] , so we will be brief here. A surface operator is defined in the path integral formalism as in the case of 't Hooft loop operators, by declaring that fields have prescribed singularities there. In our case, we demand that the gauge field has the divergence
where θ is the angular coordinate in the plane transverse to the surface operator, µ is an element in g; the behavior of other fields in the theory is set so that the surface operator preserves a certain amount of supersymmetry. On the surface operator, the gauge group is broken to a subgroup L of G commuting with µ. Let us say there is a subgroup U (1) k ⊂ L. Then, the restriction of the gauge field on the surface operator can have nontrivial monopole numbers n 1 , . . . , n k . Together with the instanton number n 0 in the bulk, they comprise a set of numbers classifying the topological class of the gauge field. Thus we are led to consider the moduli space M G,L,µ,n 0 ,n 1 ,...,n k . It is convenient to redefine n 0 , . . . , n k by an integral linear matrix so that these instanton moduli spaces are nonempty if and only if n 0 , . . . , n k ≥ 0. The instanton partition function is schematically given by
where Z inst,n 0 ,...,n k ( 1,2 ; a i ) is given by a geometric quantity associated to M G,L,µ,n 0 ,n 1 ,...,n k . This space is not well understood unless G is unitary. Suppose G is SU(N ) . Then the singularity is specified by
Then the group L is
which has a U(1) k subgroup. Here, we can use a mathematical result [136, 137] which says that the moduli space M G,L,µ,n 0 ,n 1 ,...,n k in this case is equivalent as a complex space to the moduli space of instantons on an orbifold C/Z k+1 × C. As we will review in the next section, the instanton moduli space on an arbitrary Abelian orbifold of C 2 can be easily obtained from the standard ADHM construction, resulting in the quiver description of the instanton moduli space with a surface operator [138, 139] . The structure of the fixed points can also be obtained starting from that of the fixed points on C 2 . Then the instanton partition function can be explicitly computed [68, 140] , although the details tend to be rather complicated when [m 1 , . . . , m k+1 ] is generic [66, 67, 141] .
Corresponding W-algebra An infinite dimensional vector space V G,L, a can be introduced as in Sec. 3.4:
where V G,L; a;n 0 ,...,n k is the equivariant cohomology of M G,L,µ,n 0 ,n 1 ,...,n k with the equivariant parameter of SU(N ) given by a. As V does not depend on the continuous deformation of µ with fixed L, we dropped µ from the subscript of V. The W-algebra which is believed to be acting on V G,L is obtained as follows, when G = SU(N ) and L is given as in (5.4). Introduce an N -dimensional representation of SU (2) ) is rank F + 1 = k+1, and any representation of the W-algebra is graded by integers n 0 , . . . , n k . This matches with the fact that V G,L is also graded by the same set of integers (5.5).
Higher-dimenisonal interpretation From the 6d perspective advocated in Sec. 3.5, one considers a codimension-2 operator of the 6d N = (2, 0) theory of type SU(N ), extending along x 5 and x 6 . Such a codimension-2 operator is labeled by a set of integers [m 1 , . . . , m k ], and is known to create a singularity of the form (5.1), (5.3) in the four-dimensional part [54, 143] . Furthermore, the operator is known to have a flavor symmetry F as in (5.8) . Therefore, it is as expected that the W-algebra W (Ĝ, ν [m 1 ,...,m k+1 ] ) has theF affine subalgebra. Its level can be computed by starting from the anomaly polynomial of the codimension-2 operator; a few checks of this line of ideas were performed in [61, 67, 144] .
The partition function with surface operator of type [N − 1, 1] can also be represented as an insertion of a degenerate primary field Φ in the standard W N algebra [44, 145, 146] . When N = 2, we therefore have two interpretations: one is that the surface operator changes the Virasoro algebra to SU(2), the other is that the surface operator is a degenerate primary field of the Virasoro algebra. These can be related by the Ribault-Teschner relation [147, 148] , but the algebraic interpretation is not clear.
For general simply-laced G and L, the W-algebra which acts on V G,L is thought to be W (Ĝ, ν), where ν is a generic nilpotent element in L. But there is not many explicit checks of this general statement, except when L is the Cartan subgroup.
Braverman-Etingof When L is the Cartan subgroup, ν = 0, and the W-algebra is just theĜ affine algebra. Its action on V G,L was constructed in [19] . The instanton partition function Z of the pure G gauge theory with this surface operator was then analyzed in [20] . The limit
was shown to be independent of the existence of the surface operator; the surface operator contributes only a term of order 1/ 1 to log Z at most. The structure of theĜ affine Lie algebra was then used to show that F is the prepotential of the Toda system of type G, thus proving that the instanton counting gives the same prepotential as determined by the Seiberg-Witten curve. Before proceeding, let us consider the contribution from the bifundamental hypermultiplet. Again as in Sec. 3.4, it determines a nice linear map
where m is the mass of the hypermultiplet. This Φ a,m, b is expected to be a primary operator insertion of this W-algebra. This is again proven when ν = 0 and the W-algebra is just thê G affine algebra [149] . The author does not know how to incorporate hypermultiplet matter fields in this approach.
On orbifolds
Let us now consider the moduli space of instantons on an orbifold of C 2 by the Z p action g : (z, w) → (e 2πis 1 /p z, e 2πis 2 /p w). (5.12) This was analyzed by various groups, e.g. [150, 151] . We need to specify how this action embeds in G = U(N ). This is equivalent to specify how the N -dimensional subspace W in (3.34) transforms under Z p × G: The moduli space M G,n has a natural action of U(1) 2 × G, to which we now have an embedding of Z p via (5.12) and (5.13). Then the moduli space of instantons on the orbifold, M g G,n , is just the Z p invariant part of M G,n . A fixed point of M g G,n under U (1) 2+r is still a fixed point in M G,n . Therefore, it is still specified by W and V as in (3.35) . The vector space V now has an action of g, which is fixed to be Then, the tangent space at the fixed point and/or the hypermultiplet zero modes can be just obtained by projecting down (3.36), (3.37) and (3.38) to the part invariant under the Z p action.
It is now a combinatorial exercise to write down a general formula for the instanton partition function on the orbifold; as reviewed in the previous section, this includes the case with surface operator. It is again to be said that, however, it is easier to implement the algorithm as written above, than to first write down a combinatorial formula and then implement it in a computer algebra system.
Let us now focus on the case when (s 1 , s 2 ) = (1, −1). Then the orbifold C 2 /Z p is hyperkähler. Let us consider U(N ) gauge theory on it. We can construct the infinite dimensional space V G,p as before, by taking the direct sum of the equivariant cohomology of the moduli spaces of U(N ) instantons on it. The vector space V G,p is long known to have an action of the affine algebra SU(p) N [152, 153] , but this affine algebra is not enough to generate all the states in V G,p . It is now believed [83, 154, 155] that V G,p is a representation of a free boson, SU(p) N , and the p-th para-W N algebra:
where k is a parameter determined by the ratio 1 / 2 . For p = 2 and N = 2, the 2nd para-W 2 algebra is the standard N = 1 super Virasoro algebra, and many checks have been made [57] [58] [59] [60] 64] . See also [156] for the analysis of the case N = 1 for general p.
On non-compact toric spaces
There is another way to study G = U(N ) instantons on the Z p orbifolds (5.12), as they can be resolved to give a smooth non-compact toric spaces X, where instanton counting can be performed [17, 157, 158] . The basic idea is to realize that the fixed points under U(1) 2+N of the n-instanton moduli space M G,n on C 2 correspond to point-like n instantons at the origin of C 2 , which are put on top of each other. The deformation of the instanton moduli space was done to deal with this singular configuration in a reliable way. The toric space X has an action of U (1) 2 , whose fixed points P 1 , . . . , P k are isolated. The action of U (1) 2 at each of the fixed points can be different:
T X| P i = e iβ 1;i + e This allows one to compute the instanton partition function on C 2 recursively as an expansion in q [17] , starting from the trivial fact that the zero-instanton moduli space is just a point. From this, a recursive formula for the prepotential can be found, which was studied and written down in [7, 8] . The recursive formula was proved from the analysis of the Seiberg-Witten curve in [7, 8] , while it was derived from the analysis of the instanton moduli space in [17] . This gives one proof that the Seiberg-Witten prepotential as defined by the Seiberg-Witten curve is the same as the one defined via the instanton counting. This method has been extended to the case with matter hypermultiplets in the fundamental representation [159] .
The recursive formula, although mathematically rigorously proved only for SU gauge groups, has a form transparently given in terms of the roots of the gauge group involved. This conjectural version of the formula for general gauge groups can then be used to determine the instanton partition function for any gauge group. This was applied to E 6,7 gauge theories in [129] and the function thus obtained agreed with the one computed via the methods of Sec. 4.3.
The CFT interpretation of this formula was explored in [61] . A similar formula can be formulated for the orbifolds of C 2 and was studied in [150] . It is also found that the instanton counting on C 2 /Z p and that on its blowup can have a subtle but controllable difference [160] .
